We report the effect of considering as equation of state a virial expansion up to second order in the calculation of the adiabatic lapse rate. In the process, we have derived many thermodynamic functions necessary to our aim, like the internal energy, the heat capacity, and the adiabatic curves. We apply these results to Earth, Venus, and Titan. In each case, we consider three physically relevant virial coefficients: the hard-sphere, van der Waals, and the square-well potential. For Venus and Titan, we obtain corrections toward the experimental value of the corresponding tropospheric lapse rate.
I. INTRODUCTION
The lapse rate of the atmosphere of a planet, which we denote by Γ, is the rate of change of the temperature of the latter with respect to height. With the aid of data obtained through missions and experiments, its value for different bodies in the solar system is well known (see, for instance, Ref. [1] for results in Titan, Ref. [2] for the Cytherean atmosphere, and the NCEP/NCAR experiment for Earth [3] ). However, since atmospheres comprise many elements, contain traces of vapor, and many thermodynamical processes occur therein [4] [5] [6] , reproducing this number theoretically becomes a rather difficult task.
In the usual approach to predict the values of Γ, one considers that each parcel of atmosphere is in thermodynamic equilibrium, and rises up exchanging no heat with its surroundings. This framework is known as adiabatic atmosphere, and the corresponding Γ is called adiabatic lapse rate. The latter is computed by means of the hydrostatic equation and an explicit relationship between pressure and temperature. This requires the choice of an equation of state that describes the gas in the parcels of atmosphere, and its corresponding adiabatic curves.
Many authors have dealt with the problem of choosing the right equation of state for the adiabatic atmosphere before. The simplest choice, the ideal gas, yields results that are far from experimental data [5, 7] . This has motivated many works using different equations of state to improve the accuracy of the predicted lapse rate. A way to improve the results obtained from the ideal gas model is considering a corrected equation. This can be done through a virial expansion, as in Ref [8] . Therein, a general expression for the lapse rate for real gases is derived, * Corresponding author: jerc.fis@gmail.com in terms of thermodynamic parameters with known tabulated values. It is important to point out that the author considers the adiabatic process on each parcel of atmosphere to be that of an ideal gas.
In this work, we consider an adiabatic atmosphere whose equation of state is a virial expansion up to second order, which is as far as available experimental data allows us. Our aim is to figure out the particular role that the second virial coefficient, denoted henceforth by B(T ), plays in the correction of the adiabatic curves and the hydrostatic equation. As a consequence, we can also determine its influence on Γ. We apply the results to compute the lapse rate of the Earth, Venus, and Titan, considering that the corresponding atmospheres are monocomponent, formed up by the most abundant gas (see Table I ).
In each case, we analyze three virial coefficients related to simple fluid models that include the presence of molecular interactions, namely, the hard-sphere, van der Waals, and the square-well potential. Furhermore, we consider no contributions due to molecular vibrations, whence we take the heat capacity at constant volume of an ideal gas to be C IG V = 5R/2 and C IG V = 3R for diatomic and polyatomic molecules [9, 10] , respectively.
We have organized this paper as follows. In Section II, we review briefly the ideal gas approach to the adiabatic atmosphere. Then, in Section III, we introduce the equation of state that we shall consider to compute the lapse rate: the virial expansion up to second order of a simple fluid. We determine explicitly certain thermodynamic functions in terms of B(T ). We show how this virial coefficient affects both the hydrostatic equation and the adiabatic curves. In Section IV, we determine the point lapse rate (this is, the lapse rate at each parcel of atmosphere) for the atmospheres of the Earth, Venus, and Titan, considering the aforementioned models for B(T ). In particular, we observe a remarkable improvement in the first 10 km of the Cytherean atmosphere, where the extreme conditions of pressure and temperature render the ideal gas a rather inaccurate approach. Finally, Section V is devoted to closing remarks and perspectives.
II. THE ADIABATIC LAPSE RATE OF AN IDEAL GAS ATMOSPHERE
As is well known, changes in hydrostatic pressure P are related to changes in height z by the hydrostatic equation, namely dP = −ρgdz,
where ρ denotes the mass density of the fluid and g is the magnitude of acceleration due to gravity close to the surface of a planet. In the case of ideal gases, P = nk B T , where n is the particle number density and k B is Boltzmann's constant. Taking into account that ρ = nm, where m is the molecular mass of the gas under consideration, we can rewrite Eq. (1) for ideal gases as
The left-hand side of the equation above contains two independent state variables, temperature and pressure. We therefore require to relate somehow P and T to each other. This can be done by considering different thermodynamic processes. A straightforward -but rather unrealistic-approach consists of regarding T as a constant, which is called isothermal atmosphere.
A usual and more realistic approach [11] , called adiabatic atmosphere, assumes that each parcel of atmosphere rises exchanging no heat with its surroundings. The states that they may attain are thus constrained to lie on curves representing adiabatic processes. For ideal gases, adiabatic processes satisfy P 1−γ T γ = const., where γ denotes, as usual, the heat capacity ratio C P /C V . Substituting this information in Eq. (2), we have that
Finally, we write the hydrostatic equation for ideal gases in terms of quantities that are physically measurable. Recall that the heat capacity ratio is related to the molar mass M mol of a gas by (γ−1)/γ = M mol k B /(mC P ). Thus, Eq. (3) takes the form
According to the equation above, temperature decreases linearly with height. The corresponding proportionality constant is called adiabatic lapse rate [5, 12] .
For different bodies, we show in Table I a comparison between theoretical predictions for the lapse rate of ideal gases, which we denote by Γ IG , and experimental measurements, denoted by Γ Exp [5, 7, 13, 14] . 
III. CORRECTED IDEAL GASES
The equation of state of an ideal gas may be corrected by considering the interaction among its microscopic constituents. One way to achieve this is through the virial expansion. Up to second order it is given by [15, 16] 
where B(T ) is called the second virial coefficient. The importance of the latter lies on the fact that it represents pairwise interactions of molecules and is experimentally measured.
A. Correction to the hydrostatic equation for an ideal gas
The physically meaningful solution of Eq. (5) for ρ is
The other solution is discarded because it yields negative values of ρ when B(T ) → 0. In contrast, the equation of ideal gases is recovered in the same limit from the equation above. Substituting Eq. (6) in Eq. (1) yields
which is the hydrostatic equation for a virial expansion up to second order.
B. Correction to the adiabatic curves of an ideal gas
We shall use Eq. (5) to find the form of the corresponding adiabatic curves. For this end, it suffices to consider only one mol of gas, as will be done. In terms of the volume V of the gas, the virial expansion to second order is [17, 18] 
Recall that for an adiabatic process on one mol of gas, dU = −P dV . We compute dU using the caloric equation dU = C V dT + (∂U/∂V ) T dV , which is corrected by Eq. (8) . Indeed, taking into account the Maxwell relation (∂U/∂V ) T = T 2 (∂ (P/T ) /∂T ) V , we have that
where B ′ (T ) is the derivative of B(T ). The corrected equation for the adiabatic curves in a V -T diagram is then
which turns out to be an exact differential df , with
In order to obtain an explicit form of the equation above, we need to know the form of C V , which is also corrected by Eq. (8) . This is done in the following subsection.
C. Correction to the heat capacity and the adiabatic curves
We shall now determine C V considering Eq. (8) . To this end, we observe that
which follows from the Second Law of Thermodynamics in the entropic representation. Upon substituting Eq. (8) in Eq. (12), we obtain
which has to be solved for each particular B(T ), in order to obtain the correspoding internal energy (and hence, C V ). In Table II , we show the form of both U and C V for three different virial coefficients. We point out the fact that the solution of Eq. (13) is given by a family of functions. We have chosen the ones that reduce correctly to the ideal gas case when the virial coefficient B(T ) vanishes. It is worth mentioning that our approach reproduces the results obtained from the point of view of statistical mechanics [18] . It is straightforward that the last term on the right-hand side of Eq. (11) for the three planets under consideration, which renders it negligible. This is seen by fitting the free parameters of B(T ) (see Table II ) to experimental data [19] [20] [21] , as is shown in Fig. 1 . As a result, for the three models under consideration, the adiabatic curves are given by R ln V + C V ln T = const. In order to substitute in the hydrostatic equation, we will write the expression for the adiabatic curves in terms of P and T . In the process, we shall include γ so that we can compare the latter to the adiabatic curves of ideal gases. Table II . Explicit forms of the second virial coefficient and their corresponding internal energy and specific heats at constant volume.
As is well known,
Observe that C P − C V = R is recovered upon setting B(T ) = 0, which corresponds to the case of ideal gases. The equation above may be written in terms of T and P by means of Eq. (8) . Indeed, the physically meaningful solution for V is
provided that the other solution is identically zero for ideal gases (and is therefore discarded). By substituting Eq. (15) in Eq. (14), we compute the values for γ and α = (C P − C V )/R corresponding to the gases of interest for different models. The results are listed in Table III . We considered only values of the atmospheric conditions at the surface (see Table IV ). Their variation along the atmospheric region of interest in each case is negligible, whence we consider these parameters The adiabatic curves for real gases may be now rewritten as V (γ−1)/α T = const. We call the right-hand side of the latter ǫ 0 and substitute V in Eq. (8), obtaining
= const., (16) Observe that as B(T ) → 0, we recover the expression for the adiabatic curves of ideal gases, provided that α → 1 (cf. Eq. (14)). The most significant correction with respect to ideal gases is found in Venus, as can be seen in Fig 2. In the case of Titan and Earth, we cannot appreciate any substantial correction. This is to be expected on the Earth, because of its particular atmospheric conditions. The corrections on the pressure of Titan are of the order of 1 kPa, which is negligible in the ranges of pressure close to the surface of the body. Figure 2. a) Adiabatic curves for an ideal gas in Venus (solid black line) and modified adiabatic curves corresponding to van der Waals (blue circles), square well (red triangles), and hard spheres (purple crosses). b) Deviation of the adiabatic curves from the adiabatic curves of the ideal gas.
IV. MODIFIED LAPSE RATE
Taking differentials on both hand sides of Eq. (16), we obtain
where
We substitute this result in Eq. (7), which yields
with P representing the pressure on adiabatic curves (see Eq. (16) and Fig. 2 ). Observe that this last expression yields the point lapse rate, this is, the lapse rate as a function of temperature, which is shown in Figs. 3, 4 and 5 for Earth, Titan, and Venus, respectively. In all three cases, we used the values of ǫ 0 listed in Table V and the values of α and γ in Table III . We chose for Earth and Venus, temperatures in the intervals 188 K < T < T 0 and 240 K < T < T 0 , respectively (see Table IV ). The lower bounds for T correspond in the ideal gas approach to the length of the troposphere of Venus (45 km) and Earth (10 km). In the case of Titan, we considered only the first 3.5 km of the 55 km-long troposphere (see Ref. [1] ), due to data availability. The corresponding temperature range is 89 K < T < T 0 . In every case under consideration, the point lapse rate is nonconstant. In order to compare our results to the ideal gas prediction and the experimental value, we integrate numerically Eq. (18) in the invervals of T mentioned above. This yields the tropospheric length ∆z corresponding to the size of the temperature interval ∆T . Then, we determine Γ as ∆T /∆z. The respective results are depicted in Figs 3, 4 , and 5 as dash-dotted lines.
For Earth, only the hard-sphere model corrects the lapse rate in the right direction. In Titan, even though the correction to the adiabatic curves is small, we observe that, for potentials with interactions, there is a shift towards the experimental value (see Fig. 4 ). The case of Venus requires particular attention. We first notice that the corrected adiabatic curves are mostly deviated from those of ideal gases for temperatures above 640 K (ca. 10 km), which is depicted in the shaded region of Fig. 5 . As expected, there is a greater correction to Γ in this region. As pressure and temperature decrease higher up in the atmosphere, the corrected adiabatic curves resemble those of the ideal gas. As a result, the correction to the lapse rate in all the troposphere is moved towards the ideal gas prediction.
In order to determine quantitatively the contribution of B(T ) on the lapse rate, we define
Observe that when 0 < η < 1, the corresponding values of Γ are closer to experimental results than those of ideal gas. We show the values of η corresponding to the three models under consideration, for the three bodies, in Fig. 6 .
V. CONCLUDING REMARKS
In this work, we determined the effect of the second virial coefficient on the lapse rate. For this end, using The dashed black line corresponds to the ideal gas prediction. the virial expansion up to second order, we computed the corresponding internal energy, from which we derived corrected values for the heat capacities and the heat capacity ratio. For the three coefficients under consideration, the values of α and γ corresponding to Earth under NTP are in good agreement with those predicted by the ideal gas model and experimental data. In contrast, they differ from the ones predicted by the ideal gas model, under the extreme conditions of Titan and Venus. We determined the adiabatic curves in the V − T diagram, which turned out to have the same form as those of ideal gases. The dependence of the curves on the second virial coefficient is explicit in the P − T diagram.
It is important to remark that the equations and quantities to which we referred above reduce correctly to the expressions corresponding to ideal gases in the limit B(T ) → 0.
The relationship between T and z (Eq. (1)) is correspondingly modified by the introduction of the second virial coefficient, which together with the explicit form 400 500 600 700 Figure 5 . Point lapse rate (solid curve) in Venus and average lapse rates in the whole troposphere (dotted line) and near the surface (dash-dotted line) for the virial coefficients of van der Waals (blue), square well (red), and hard spheres (purple). The shaded region corresponds to the first 10 km of the atmosphere. The ideal gas prediction is represented by a black dashed line. of the modified adiabatic curves, yields Eq. (18) . We integrate the latter numerically, allowing us to identify Γ as ∆T /∆z. In order to determine quantitatively the relevance of each model in the corrections to Γ, we introduced the parameter η (see Eq. (19)). We could observe that the second virial coefficient becomes important only under the extreme conditions of temperature and pressure of Titan and Venus. The nitrogen in the atmosphere of the former is close to its boiling point (ca. 77 K at 101 kPa). Thus, molecules are close to each other, whence interactions between them are more frequent. This explains the values of η corresponding to potentials considering molecular interactions, viz., the square-well and van der Waals models. It is worth pointing out that these results improve previous ones (cf. Ref. [1] ). In contrast, in the conditions of the Cytherean atmosphere, carbon dioxide is far from its boiling point, which renders intermolecular interactions less relevant when compared to the kinetic energy within the gas. Thereby, we could expect that the hard sphere model contributes most significantly to Γ, as was indeed the case. Finally, under NTP (atmospheric condition of the Earth), all models resemble an ideal gas, which explains the values of η close to 0 for the three virial coefficients under consideration.
A more accurate approach to the adiabatic lapse rate of the Earth and Venus that only considers the virial expansion up to second order requires incorporating molecular vibration. This can be done by making use of either tabulated experimental values or phenomenological forms (via the Shomate equation [24] ) of C P . We do not expect, however, an improvement in the lapse rate of Titan from this source, since the difference between the corresponding phenomenological C P and 7R/2 is less than 0.02 J/molK. Nontheless, higher order contributions from the virial expansion might turn significant in this case.
